We compute lattice renormalisation constants of local bilinear quark operators for overlap fermions and improved gauge actions. Among the actions we consider are the Symanzik, Lüscher-Weisz, Iwasaki and DBW2 gauge actions. The results are given for a variety of ρ parameters. We show how to apply mean field (tadpole) improvement to overlap fermions. The question, what is a good gauge action, is discussed from the perturbative point of view. Finally, we show analytically that the gauge dependent part of the self-energy and the amputated Green functions are independent of the lattice fermion representation, using either Wilson or overlap fermions.
Introduction
Lattice calculations at small quark masses require an action with good chiral properties. The same is true for calculations of matrix elements of certain operators, which otherwise mix with operators of opposite chirality. Ginsparg-Wilson fermions [1] have an exact chiral symmetry on the lattice [2] , and thus are well suited for these tasks. A further advantage is that they are automatically O(a) improved [3] . Overlap fermions [4, 5, 6 ] provide a four-dimensional realisation of Ginsparg-Wilson fermions. The massless Neuberger-Dirac operator is defined by
where D W is the Wilson-Dirac operator, and ρ is a real parameter corresponding to a negative mass term. At tree level ρ must lie in the range 0 < ρ < 2r, r being the Wilson parameter. Exact chiral symmetry on the lattice has its price however. Numerical implementations of the overlap operator are significantly more expensive than Wilson fermions. In spite of this difficulty, calculations with overlap fermions are progressing rapidly, and we expect to see many more results in the near future.
It is important to use a good gauge field action. The cost of the overlap operator is governed largely by the condition number of X † X. This number is greatly reduced for improved gauge field actions [7] . For example, for the tadpole improved Lüscher-Weisz action we found a reduction factor of 3 compared to the Wilson gauge field action [8] . The reason is that the Lüscher-Weisz action, as many other improved actions [9] , suppresses unphysical zero modes, sometimes called dislocations. A reduction in the number of small modes of X † X appears also to result in an improvement of the locality of the overlap operator [7] .
To obtain continuum results from lattice calculations of hadron matrix elements, the underlying operators have to be renormalised. A perturbative calculation of the corresponding renormalisation constants is always the first step. Recently, the renormalisation constants of bilinear [10, 11, 12] and four-quark [13] operators have been computed to one-loop order for overlap fermions and Wilson gauge field action. Our aim is to extend the calculation to general, improved gauge field actions with up to six links, including the tree-level Symanzik action, the Lüscher-Weisz action, the Iwasaki action, and the DBW2 action. In this paper we shall consider local bilinear quark operators first. Operators including covariant derivatives will be treated in a separate publication. Preliminary results of the calculation have been reported in [8] .
The paper is organised as follows. In Section 2 and Appendix A we give the details of the calculation. The basic results are given in Section 3. In Appendix B we show that the gauge dependent terms in the Green functions are not only independent of the gauge field action, but also of the type of fermion. Tadpole improvement is an important issue in lattice perturbation theory. In Section 4 and Appendix C we tadpole improve our results. Finally, in Section 5 we give our conclusions.
Calculational details
We denote the lattice action by
where S G is the gauge field action, and S F is the fermion action. Let us discuss the gauge field action first. We consider the following class of improved actions: 
where U plaquette is the standard plaquette, while the remaining U's cover all possible closed loops of link matrices of length six along the edges of the hypercubes, as indicated in Fig. 1 . It is customary to impose the normalisation condition c 0 + 8c 1 + 16c 2 + 8c 3 = 1 .
In Section 4 we will also consider actions which fulfill this condition only in the limit g → 0, which is sufficient to ensure the correct continuum limit. Calling the coefficient in front of the plaquette part the lattice coupling β, we have the obvious relation β = 6 g 2 c 0 .
If the improvement is performed only on-shell, one of the six-link contributions can be set to zero [14] . In general, the parameters c i are chosen according to an approximate renormalisation group (RG) analysis or using tadpole improved perturbation theory.
For perturbation theory expansions, we write the SU(3) link matrices as
where A µ = T a A a µ , T a being the generators of the Lie algebra, and perform a weak coupling expansion in g. The calculations are carried out in a general covariant gauge, distinguished by the gauge parameter ξ = 1 − α. Landau gauge corresponds to ξ = 1, while the Feynman gauge corresponds to ξ = 0. The gluon propagator (in the infinite volume) is obtained from the lowest order expansion of (3):
where
and
The coefficients C i are related to the coefficients c i of the improved action by
(We will usually work with actions in which C 0 = 1; see eq. (4).)
In lattice momentum space the gluon propagator D µν (k) is given by the set of linear equations
For the plaquette action the gluon propagator reads
Expressions for the more general action can be found in the literature [15, 16] . We will use dimensional regularisation to regularise the loop integrals. Thus we need to know D µν for arbitrary dimensions. In general, D µν can be given in closed form only for integer dimensions. Only for the special case C 2 = 0 can we derive explicit expressions for arbitrary dimensions. A way out is to split the gluon propagator into two parts: a singular part, which can easily be extended to arbitrary dimensions, and a finite part, which does not need to be regularised. This is achieved by writing
It is readily seen that D µν and C 
The scalars D n and D m,n = D n,m are rational functions ofk µ and C i . They are listed in Appendix A for the case C 0 = 1.
The final results cannot be expressed in analytic form (as a function of C i ) anymore. We therefore have to make a choice concerning the parameters. We restrict ourselves to the most popular actions in this class:
Tree-level Symanzik [17] 
Tadpole improved Lüscher-Weisz (TILW) [18, 14, 19] c 2 = 0 .
Once we have chosen β, the other parameters are fixed [19] :
We have picked the following values [20] : Iwasaki [15] 
DBW2 [21] 
In all these cases c 0 is chosen to satisfy eq. (4).
Which action is the best one? They all reduce or eliminate O(a 2 ) corrections -at the tree level, the one-loop level, or beyond. In Section 4 we compare the actions with regard to their perturbative merits.
The action for massless overlap fermions is given by
The Neuberger-Dirac operator D N was already given in eq. (1). The Wilson-Dirac operator D W reads
where ∇ µ is the lattice forward covariant derivative:
For 0 < ρ < 2r the correct spectrum of massless fermions without doubling is obtained [6] .
The lattice Feynman rules for overlap fermions, being originally derived in [22, 23] , are collected in Appendix A. The regularisation of the infrared divergences follows [24] , which was adapted from [25] . The calculations are done analytically as far as possible. To do so, we have extended our Mathematica programme package, which we developed originally for Wilson [24] and clover fermions [26] , to overlap fermions with improved gauge actions.
We performed several tests to check the code. Operators with gamma structures Γ and Γγ 5 must give the same result. We have performed calculations independently for both sets of gamma matrices. Although the analytic expressions looked very much different, we found complete agreement. Another condition is that all terms ∝ 1/a cancel. Furthermore, it is expected [11] that the gauge dependent parts of the one-loop lattice integrals are independent of the particular choice of fermion propagator (be it Wilson or overlap), as a consequence of the Ward identities. This has been verified numerically and analytically. In Appendix B we give an analytic proof.
Renormalisation
To obtain finite answers, the lattice operators O(a) must, in general, be renormalised. Ignoring operator mixing, we define renormalised operators by
where S denotes the renormalisation scheme. The renormalisation constants Z O are often defined in the MOM scheme first by computing the gauge fixed quark propagator S N and the amputated Green function Λ O of the operator O: (Note that Z ψ = 1/Z 2 .) The renormalisation constants can be converted to the MS scheme,
is calculable in continuum perturbation theory.
We shall restrict all our numerical calculations to the case r = 1. The optimal choice for ρ appears to be ρ ≈ 1.4. We will present results for ρ = 1.3, 1.35, 1.4, 1.45 and 1.5, which should cover the most interesting region. Any other value in this region may be obtained by inter-or extrapolation.
Self-energy and wave function renormalisation
Let us consider the massless quark propagator S N first. The inverse of S N can be written
with C F = 4/3. The diagrams that contribute to Σ 1 to one-loop order are shown in Fig. 2 . The integral to be evaluated is [24] 
Explicit expressions for the propagator and vertex functions are given in Appendix A. Putting everything together, we finally obtain
The results for b Σ are given in Table 1 for the gauge field actions and ρ parameters mentioned. The result for the plaquette action (c 0 = 1, c 1 = c 2 = c 3 = 0) agrees with Refs. [10, 11] . The gauge dependent part of (31) is the same for all actions: 
We explain the reason for this observation in Appendix B. For the wave function renormalisation constant we then obtain
In the MS scheme this becomes
For Wilson fermions (with r = 1), on the other hand, we have
We observe that the constant, gauge independent terms in eqs. (35) and (36) have opposite sign. So for µ = 1/a the overlap Z ψ is greater than one, while Z ψ,Wilson is less than one. 
Quark bilinears
Let us consider local operators of the form
with
i.e. X = S, P , V , A and T . As the operators are local, operator tadpole and cockscomb diagrams do not contribute [24] . This leaves us to compute the vertex diagram shown in Fig. 3 . We denote the amputated Green function of the operator O X by Λ X . Thus we have to evaluate the integral
The final result is Table 4 : The contribution b T to Λ T for various actions and parameters.
The finite terms b S,P , b V,A and b T are collected in Tables 2, 3 and 4. For the renormalisation constants we then obtain, using (27) and (34),
In the MS scheme the renormalisation constants read
The conversion factors Z M S,M OM O are universal, and are the same as for the plaquette action and Wilson fermions [24] .
Tadpole improvement
The appearance of gluon tadpoles in lattice perturbation theory make the bare coupling constant g into a poor expansion parameter. It was proposed [27] that the perturbative series should be rearranged in order to get rid of these contributions. Tadpole improvement is a technique for summing, to all orders, the numerically large perturbative contributions arising from tadpole diagrams. It is implemented by a mean field renormalisation of the link matrices, U x,µ → U x,µ /u 0 , where u 0 is the mean value of the link, defined to be the fourth root of the expectation value of the plaquette 'measured' in Monte Carlo simulations, as given in eq. (18) . In this Section we apply tadpole improvement, better called mean field improvement, to our results, and to operators involving overlap fermions in general.
Our situation is more complicated than the standard case for two reasons: firstly we are using overlap fermions rather than Wilson or clover fermions, and secondly we are using gauge actions which are more complicated than the basic plaquette action. Both these changes require some thought.
First, let us run briefly through the procedure for the case of Wilson fermions. Tadpole improved renormalisation constants are defined by
where Z
M F O
is the mean field approximation of Z O , while the second factor on the r.h.s. is computed in perturbation theory. We find Z
M F
O,Wilson by looking at the operator Green function and quark propagator in the mean field approximation. The mean field result for the amputated Green function for an operator with n D covariant derivatives is
This does not depend on the choice of fermion action. In the mean field approximation the inverse quark propagator for massless Wilson fermions is
Combining eqs. (50) and (52) gives the familiar result
The result changes when we consider overlap fermions. The mean field result for the amputated Green functions, eq. (50), is unchanged. However, Z ψ for overlap fermions is no longer given by (52), which will lead to changes in Z O as well. To find Z ψ we need to calculate the overlap operator in the mean field approximation. The mean field result for the Wilson-Dirac operator in momentum space is
Inserting this result into the Neuberger-Dirac operator (1) gives
We can now compute Z M F ψ :
If we combine this result with eq. (50), we finally obtain
It is required that ρ > 4r(1 − u 0 ). The reason for this inequality is easy to understand. Reverting temporarily to writing the fermion matrix in terms of a hopping parameter κ, the ρ definition in eq. (1) is equivalent to ρ = 4r − 1/(2κ). To really have a negative mass in X, so that the overlap procedure works, requires κ > κ c , which implies ρ > 4r−1/(2κ c ).
In the mean field approximation κ c = 1/(8ru 0 ), leading to the inequality ρ > 4r(1 − u 0 ). In other words, the additive renormaliation of mass, which occurs with Wilson fermions, means that in the interacting case ρ > 0 is not enough to cause X to have a negative mass. We need ρ to be large enough to overcome this additional mass.
Note that Z [20] , [28] and [29] , respectively. perturbative series in terms of the tadpole improved parameters, which must satisfy
because the plaquette term in the action is a four-link term, while the other three terms in the action are six-link objects. These conditions are not enough to fully fix the tadpole improved parameters, because we have four equations with five unknowns, leaving us with some freedom of choice. The simplest choice is to define
However, it is important to notice that, although this definition makes the formulae for the tadpole improved parameters very simple, with this choice
which modifies many of the formulae we wrote down in earlier sections. This means, we have to replace every g 2 by g 3 , respectively, while keeping c 0 unchanged. The effect of introducing tadpole improved coefficients (62) is that the rescaled gluon propagator remains of the same form as we change u 0 , thus ensuring fast convergence.
For the perturbative calculation of Z
M F O
we need to know the perturbative expansion of u 0 [27, 19] :
u is given by the integral
Here D Table 5 for the various actions. For comparison, we also give the non-tadpole improved result (i.e. with coefficients C 1 and C 2 ), which we call k u . The 'measured' values of u 4 0 are also collected in Table 5 . We then obtain
Let us now introduce constants B O (ρ, C) by writing the original one-loop renormalisation constants of Section 3 as
where γ O is the anomalous dimension of O. We then obtain tadpole improved renormalisation constants for r = 1: 2 , respectively. In the following we shall use the abbreviation
giving
So far we have only tadpole improved the gluon propagator in our calculation of the perturbative factor on the r.h.s. of eq. (49), but not the fermion propagator. There is no need to do so for Wilson fermions. However, already for clover fermions we have seen [26] that the fermion propagator ought to be improved as well. If we want the rescaled fermion propagator (see eq. (55)
to have the same form as we change u 0 , we must replace ρ by
for r = 1. An alternative derivation of ρ T I , without expanding as a power series in a, is given in Appendix C. This defines 'fully tadpole improved' renormalisation constants
Before we present numbers for Z
T I
O and Z
F T I
O , let us make a few general remarks concerning the choice of gauge action. Only if g T I is a 'good' expansion parameter, can we expect the perturbative series to converge fast. It is generally accepted that g M S (µ) is a good expansion parameter for appropriate choices of µ. To one-loop order we have
and N f is the number of flavours. (It is appropriate to consider the case of general N f here.) The ratio of Λ parameters is thus given by
Upon inserting (60) and (64), we obtain 
The coefficient d g is known for some of our actions [30] : The coefficient d f is known for ρ = 1.4 [31] :
Unfortunately, d g is not known for the Lüscher-Weisz action, nor is it known for tadpole improved coefficients (61) and (62). We expect the numbers for the Lüscher-Weisz action to be close to the result for the Symanzik action though. In Table 6 we have computed the ratios of Λ parameters Λ lat /Λ M S and Λ
T I
lat /Λ M S for coefficients (79) and (80) and, to be consistent, with k T I u replaced by k u . We see that tadpole improvement drives Λ lat towards Λ M S for the Symanzik action, giving g T I ≈ g M S , so that g T I appears to be a good expansion parameter. This is not the case for the Iwasaki action, and even less so for the DBW2 action. We thus may conclude that the Symanzik action, and possibly the Lüscher-Weisz action as well, is a suitable lattice gauge field action not only from the nonperturbative perspective, but also from the perturbative point of view, if supplemented with tadpole improvement. Table 9 : The same as Table 7 , but for B T and Z
M S T (aµ = 1).
In Tables 7, 8 and 9 we compare tadpole improved and unimproved renormalisation constants for ρ = 1.4 and some selected values of β, which are widely being used in Monte Carlo simulations. The DBW2 couplings β = 10.662 and 12.745 correspond to β = 0.87 and 1.04, respectively, in the notation of [32] . The 'measured' and perturbative plaquette values are taken from Table 5 . The tadpole improved renormalisation constants given earlier in [8] referred to unimproved coefficients c i and unimproved parameter ρ.
How good is the mean field approximation and tadpole improvement? The ultimate test is to compare with non-perturbative determinations of Z, which at present we can only do in a single case (to be discussed later). However, there is also a powerful internal test, which we can make with our perturbative coefficients. If the mean field Z M F of eqs. (56) and (57) is a good approximation, then we should always find that the one-loop coefficient of Z M F is very close to the one-loop coefficient of
is small, whatever gauge action or ρ we use. We test this in Fig. 4 , where we compare the original values of B V with the subtracted ones defined in (81). The original coefficients B V have large negative values, and depend strongly on the choice of gauge action and on the value of ρ. The subtracted coefficients B sub V are much closer to zero, and depend only weakly on gauge action or ρ. So we see that the mean field approximation of eqs. (56) and (57) is very good at the one-loop level. If we had naively used the Wilson fermion result (53), this test would have failed completely, not even having the right sign. In Fig. 5 we show the subtracted coefficients in more detail. We can see that they all lie in a fairly narrow band, with points calculated from the original actions (solid points) and the tadpole improved actions (open points) in agreement. This shows how well the dependence of Z on gauge action and ρ is described by the mean field approximation, leaving only a small residue to be described by perturbation theory.
As far as we can tell from the single non-perturbative result we have found for the TILW action at β = 8.45 [8] ), corresponding to a lattice spacing of a ≈ 0.1 fm, tadpole improvement drives the perturbative number closer to the non-perturbative value. But the discrepancy is still of the order of 10%.
An alternative improvement scheme has been proposed in [33] , in which Z M F O is replaced by the non-perturbatively computed renormalisation constant of the local vector current Z N P V : This gives
For the TILW action at β = 8.45 and ρ = 1.4 we found Z N P V (= Z N P A ) = 1.416 [8] . We used this number to compute Z V I O in Table 10 . This method is not applicable to operators with n D > 0 covariant derivatives. In that case one would have to replace the local vector current by an operator with an equal number (i.e. n D ) of covariant derivatives.
Summary
We have computed the renormalisation constants of local quark bilinear operators for overlap fermions and improved gauge field actions with up to six links. The computations have been performed in general covariant gauge using the symbolic language Mathematica. This gave us complete control over the Lorentz and spin structure, the cancellation of infrared divergences, as well as the cancellation of 1/a singularities. The price to pay is high. The extension to improved gauge field actions blew up the calculation tremendously. In some instances we had to deal with O(10 4 ) terms. Based on generalised lattice Ward identities we were able to show analytically that the gauge dependent part of the selfenergy and the amputated Green functions does not depend on the choice of lattice fermions.
In the limit c 0 = 1, c 1 = c 2 = c 3 = 0 our results agree with previous calculations employing the plaquette action [10, 11] . Comparing overlap with Wilson fermions, we notice that the one-loop corrections have opposite sign. This is mainly caused by changes in the quark self-energy, and can be understood through a mean field calculation.
We have formulated mean field (tadpole) improvement for overlap fermions. For the Symanzik action the boosted coupling g T I turns out to be close to g M S , which makes g T I a good expansion parameter. We thus may expect that the perturbative series converges rapidly. For the Iwasaki action, and in particular for the DBW2 action, this appears not to be true. In this case boosted perturbation theory might even worsen the situation.
We have presented results for a variety of parameters and couplings, which cover most of the parameter values used in recent Monte Carlo simulations. We are happy to supply numbers for different choices of parameters on request. Details of our results for operators with covariant derivatives [8] will be given elsewhere.
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Appendix A
We set a = 1 throughout this Appendix. Let us first consider the gluon propagator. We introduce the abbreviationk
The coefficients D n and D m,n in eq. (14) can be written in the form
and for d n and d m,n we obtain
(The coefficient d m,n should not be confused with d µν of eq. (9)). Note that D n and D m,n do not depend on the choice of (covariant) gauge, i.e. on ξ. Both D n and D m,n vanish in the limit C 1 = C 2 = 0.
Let us now turn to the lattice Feynman rules. We omit the colour factors and the gauge coupling here. We introduce the following abbreviations:
The Wilson quark propagator and its inverse are of the form
The Wilson quark-quark-gluon (qqg) and quark-quark-gluon-gluon (qqgg) vertices are given by
with incoming and outgoing quark momenta being denoted by p 1 and p 2 , respectively. Note that
The overlap quark propagator and its inverse are of the form
For the overlap qqg vertex we obtain
and for the qqgg vertex we derive
where k 1 and k 2 are the gluon momenta with p 1 + k 1 + k 2 = p 2 , and the tensor W µν is defined by
In Appendix B we need explicit expressions for the vertices contracted with the gluon momentum k = p 2 − p 1 and k = k 1 = −k 2 , respectively:
Using the short-hand notation
Differentiating X † 0 X 0 = ω 2 with respect to k µ , and making use of V
Fromk
we finally obtaink
Appendix B
Gauge dependence in position space
General argument
We have seen in the main text that the gauge dependent terms in the Green functions are independent of the gauge action and of the fermion action: they do not depend on the coefficients c 1 , c 2 , c 3 and on ρ, and are the same for overlap fermions and clover fermions [26] . The numbers are, however, different on the lattice and in the continuum, so this is not simply due to an ultraviolet convergent integral, where the lattice regularisation plays no role. The independence from the gauge action is fairly easy to explain, but the independence of the fermion action is a remarkable observation, and is something which we ought to understand.
In this subsection we give a brief explanation of this phenomenon in configuration space, while in the next subsection we give a more formal argument using the Feynman rules. At the one-loop level we can split the functional integral over the gauge fields into an integral over the (physical) transverse gauge fields and the (unphysical) longitudinal gauge fields. The integral over the longitudinal fields is a simple Gaussian integral, given by the gauge fixing term added to the action. The contribution of the longitudinal modes is a universal factor multiplying the Landau gauge Green function 4 1 − cos kx
where G can be any quark Green function, e.g. the quark propagator or any of the threepoint functions we consider in this paper. See Appendix A of Ref. [34] , where this is proved to all orders for non-compact QED. It is not clear whether this result will hold to all orders for a non-Abelian group, but it is certainly true at the one-loop level.
Equation (108) gives us an exact expression for the O(g 2 ) gauge dependent term in configuration space
When we Fourier transform this expression to find the gauge term in momentum space, the integral is dominated by x 2 ∼ 1/p 2 . Since we are interested in a 2 p 2 ≪ 1, we have to consider what happens to eq. (109) when x 2 ≫ a 2 . Although the tree-level Green functions do depend on the fermion action when x 2 ∼ a 2 , at large distances all fermion actions agree: they simply tend to the continuum value G tree cont (x). Since this is the region that dominates the Fourier transform, we see immediately that the gauge term will be the same for all fermion actions (or to be more precise, that differences in the gauge term due to differing choices of fermion are suppressed by powers of a). This completes our argument for the universality of the gauge dependent terms.
Note that although the gauge dependent terms are independent of both gauge and fermion action, they would change if we used a different lattice discretisation of the gauge fixing term (∂ µ A µ )
2 , as advocated in [35] .
Calculating the gauge dependent contributions
Equation (109) not only shows that the gauge dependent terms are universal, it also allows us to calculate them. At large distances (x 2 ≫ a 2 ) the integral in eq. (109) takes the value d 4 k (2π) 4 1 − cos kx
In position space the massless quark propagator S tree cont (x) and the three-point function G tree cont (x) are
Let us first calculate the gauge term in the propagator. We have argued that this will be
where F is the Fourier transform. Some details for performing F are given at the end of this subsection. From
we get
which agrees with eqs. (31), (32) in the body of the paper.
Now we calculate the gauge dependent parts of the non-amputated three-point functions:
which reproduces all the gauge dependent terms in eq. (42). Equation (109) still holds if a quark mass is included, so it should also reproduce the mass dependence of the gauge terms previously calculated in [26] .
The integrals needed to perform the Fourier transform into momentum space are easily found by introducing an additional integration over α, to make the x integrations into Gaussians. As an example, let us transform S tree cont (x)(x 2 /4a 2 ) δ into momentum space:
Expanding both sides to first order in δ, we get the result (114). The integrals needed for the Fourier transform of the three-point functions can be obtained in the same way as outlined above. We obtain
Gauge Dependence in Momentum Space
Here we calculate explicitly the gauge dependent one-loop contributions to the quark self-energy and the amputated Green functions using the Feynman rules. We now set a = 1 again.
The generalised lattice Ward identity
As can be easily checked, the generalised lattice Ward identity for Wilson and overlap fermions to lowest order is of the form
where inverse propagators and vertices are defined in Appendix A. From this identity it can be seen that
which leads in the limit p → 0 to
In addition we have the ordinary lattice Ward identity to lowest order (with zero gauge boson momentum)
Differentiating (124) with respect to p µ , and taking the limit p → 0, we get
(127) Using S −1 W,N S W,N = 1 and (126), (127), another useful form can be derived:
Gauge dependent one-loop corrections
We consider the gauge dependent part of the gluon propagator in a general covariant gauge,
and use the short-handed notation for the D-dimensional one-loop integration variable
For finite integrals we replace the dimension D by four. The basic divergent lattice integral (in dimensional regularisation) is
Furthermore, we use the finite lattice integral
First we demonstrate that the gauge dependent contribution of one-loop corrections to local quark bilinears does not depend on the particular representation (Wilson or overlap) of the lattice fermions. Since the local operators do not contain gluon operators, we have to consider only the vertex correction to the amputated Green function:
(133) The corresponding correction is ultraviolet (UV) logarithmically divergent. Using the technique for analytic handling of the divergences, we have to consider
With the propagator (129), and using eq. (125), we get at zero momentum the expected result
The pole cancels with that of the continuum contribution, I X cont (p), while the one-loop correction is independent of the form of the lattice propagator as result of the Ward identity.
For operators with derivatives one has to consider the Taylor expansion of the lattice integrals up to the corresponding order of the UV divergence. In that case additionally the O(g) and O(g 2 ) contributions of the operators have to be considered. It is not difficult to perform a similar proof.
The sunrise diagram (i.e. the left diagram of Fig. 2 ) for the quark self-energy is of the form
Since that one-loop integral is UV linearly divergent, we have to calculate (using dimensional regularisation)
For the finite tadpole contribution (D=4) we have
The gauge dependent quark self-energy contribution I lat (p) is then given as sum of (136) 
Therefore the sum is zero.
Integrals for overlap fermions
In the following we use the abbreviations (102). Using (104), and taking into account the symmetry in the integration, we get immediately
To calculate J 
For the cancellation to be shown, we write this result in the form
The k dependent vertex part arising from (99) contributes both to the unit matrix 1l and to p. After integrating over k we have to take the zero spacing limit. This is achieved by performing a Taylor expansion around p = 0 up to linear terms in p:
Using the form (107) we get
We see that J 
6 Appendix C
In this appendix we give a more complete derivation of the mean field overlap fermion propagator and tadpole improved ρ, without having to expand in powers of a.
To calculate the mean field overlap fermion propagator, we start from the mean field value of the Wilson-Dirac operator in momentum space, 
We are now ready to calculate the mean field overlap operator 
In other words, the mean field overlap operator is proportional to the tree-level overlap operator, calculated with the same r but with a tadpole improved ρ. The constant of proportionality is Z
